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ABSTRACT

This paper investigates the asymptotic size properties of robust subset tests when instruments are left out
of the analysis. Recently, robust subset procedures have been developed for testing hypotheses which are
specified on the subsets of the structural parameters or on the parameters associated with the included exoge-
nous variables. It has been shown that they never over-reject the true parameter values even when nuisance
parameters are not identified. However, their robustness to instrument exclusion has not been investigated.
Instrument exclusion is an important problem in econometrics and there are at least two reasons to be con-
cerned. Firstly, it is difficult in practice to assess whether an instrument has been omitted. For example, some
components of the “identifying” instruments that are excluded from the structural equation may be quite un-
certain or “left out” of the analysis. Secondly, in many instrumental variable (IV) applications, an infinite
number of instruments are available for use in large sample estimation. This is particularly the case with most
time series models. If a given variable, say X4, is a legitimate instrument, so too are its lags X;_1, X;_o, ...
Hence, instrument exclusion seems highly likely in most practical situations. After formulating a general
asymptotic framework which allows one to study this issue in a convenient way, I consider two main setups:
(1) the missing instruments are (possibly) relevant, and, (2) they are asymptotically weak. In both setups, I
show that all subset procedures studied are in general consistent against instrument inclusion (hence asymp-
totically invalid for the subset hypothesis of interest). I characterize cases where consistency may not hold,
but the asymptotic distribution is modified in a way that would lead to size distortions in large samples. I
propose a “rule of thumb” which allows to practitioners to know whether a missing instrument is detrimental
or not to subset procedures. I present a Monte Carlo experiment confirming that the subset procedures are

unreliable when instruments are missing.

Key words: Robust subset tests; LIML estimator; missing instruments; weak identification; non robust;

consistency; projection-based method.
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1. Introduction

Subset hypotheses testing is likely to be prevalent in applied work. Many interesting hypotheses
are specified on subsets of the structural parameters or on the parameters associated with the in-
cluded exogenous variables. Several models where subset hypotheses are often specified include
but are not restricted to: (1) forward-looking models, such as the new Keynesian Phillips curve
[Mavroeidis (2004, 2005), Dufour, Khalaf and Kichian (2006), Kleibergen and Mavroeidis (2008)];
(2) stochastic discount factor models, in particular the linear factor model [Kocherlakota (1990),
Hansen, Heaton and Yaron (1996), Kleibergen (2005, 2009)]; and (3) models of unemployment
[Bean (1994), Malcomson and Mavroeidis (2006)].

The literature concerned with subset hypotheses testing falls globally into two categories. The
first is the projection method based on identification-robust statistics [see Dufour (1997), Dufour
and Jasiak (2001), Dufour and Taamouti (2005, 2007)]. This method consists of inverting robust
statistics to build a confidence set for the full set of parameters, and then uses projection techniques
to obtain a confidence set for the subset of parameters of interest. The projection method is robust
to weak instruments and other statistical difficulties, such as instrument exclusion. However, it has
often been criticized for: (1) being overly conservative and (2) having low power when too many
instruments are used. Recently, Chaudhuri and Zivot (2010) have suggested a new projection proce-
dure based on the K-statistic, namely EPK (efficient projection based on the K-statistic) which ex-
hibits more power than the standard projection method. Nevertheless, the robustness of the EPK to
instrument exclusion has not been investigated. The second category is the robust subset procedures
proposed by Stock and Wright (2000) and recently developed by Kleibergen (2004, 2005, 2008),
Startz, Nelson and Zivot (2006). These procedures, commonly called the conventional plug-in based
tests, consist of replacing the nuisance parameters that are not specified by the hypothesis of interest
by estimators. Several studies have shown that the plug-in based tests never over-reject the true
parameter values even when nuisance parameters are not, or weakly, identified [ see Startz et al.
(2006) and Kleibergen (2008, 2009)].

However, the robustness of these tests to instrument exclusion has not been explored. Instrument
exclusion is an important problem in econometrics and there are at least two reasons to be concerned.
Firstly, it is difficult in practice to assess whether an instrument has been omitted. For example, in
model (2.1)-(2.2), some components of the “identifying” instruments Z that are excluded from the

structural equation (2.1) may be quite uncertain or “left out” of the analysis. Secondly, in many



instrumental variable (IV) applications, an infinite number of instruments are available for use in
large sample estimation. This is particularly the case with most time series models. If a given
variable, say X;, is a legitimate instrument, so too are its lags X;_1, X;—2, ... Hence, instrument
exclusion seems highly likely in most practical situations.

Although several authors have worked on proposing optimal instrumental variable estimations
[see Hayashi and Christopher (1983), Hansen (1985), Hansen, Heaton and Masao (1988), West
(2001)] or proposing optimal IV selection [Donald (1999), Donald and Newey (2001), Hall and
Peixe (2003), Dufour and Taamouti (2003)], there are still issues related to inference. For example,
use of the entire set of available instruments can result in large asymptotic efficiency gains relative
to the use of a small set of instruments [see Hansen and Singleton (1991), West and Wilcox (1996)].
More recently, Doko and Dufour (2008) have shown that when identification is deficient or weak
(weak instruments) and endogeneity moderate, the use of additional instruments (even invalid) im-
proves the efficiency of partial IV estimators and pretest-estimators based on Generalized Wald-type
exogeneity tests.

This paper has two main goals. The first is to explore the asymptotic size properties of ro-
bust subset tests when instruments are omitted. The second is to provide a tool which allows to
practitioners to know whether or not a set of instruments omitted is detrimental to subset inference.

Dufour and Taamouti (2007) have investigated the robustness of the Anderson and Rubin (1949,
AR), Kleibergen (2002, K), and Moreira (2003, CLR) tests to instrument exclusion. They found that
the K-and CLR-tests are seriously size distorted when relevant instruments are omitted. However,
the AR-test is typically robust to instrument exclusion. One of the difficulties with Dufour and
Taamouti (2007) is that the null hypothesis is specified on the full set rather than a subset of struc-
tural parameters. It is natural to conjecture that with missing instruments, even the validity of the
AR-test is not guaranteed when testing subset hypotheses. The reason is that all subset procedures
studied here are plug-in based methods that require the available instruments to be valid (uncorre-
lated with the structural errors). However, when some instruments are omitted, they become part of
the residuals (see Section 2) and the exogeneity assumption is generally violated. Hence, it is not
clear how subset tests behave when subject to instrument exclusion.

This paper focuses on the linear IV model and investigates the asymptotic size of robust sub-
set tests when instruments are missing. An extension to the GMM framework is studied in Doko
(2010). Four subset tests are considered in this study: Anderson and Rubin (1949, AR-test), Kleiber-
gen (2005, KLM-test), Moreira (2003, MQLR-test), and the J-statistic (JKLLM) that tests the miss-



specification of the model. After formulating a general asymptotic framework which allows one to
study this issue in a convenient way, I consider two main setups: (1) the missing instruments are
(possibly) relevant, and (2) they are asymptotically weak, i.e. the parameter which controls their
quality in the first step regression that identifies the nuisance parameters, converges to zero at rate
[T_%] when the sample size 1" increases.

In both setups, I show that all subset procedures are in general consistent against instrument
inclusion (hence asymptotically invalid for the subset hypothesis of interest). I characterize cases
where consistency may not hold, but the asymptotic distribution is modified in a way that would
lead to size distortions in large samples. I also provide conditions under which the asymptotic
distribution of the statistics remains the same as in the case where any instrument is omitted (despite
the exclusion of some of them). I present a Monte Carlo experiment which confirms the theoretical
results. I find that when no instrument is missing, all the test procedures studied are valid whether
identification is strong or weak. In particular, they are conservative when identification is deficient
or weak (weak instruments) [similar to Kleibergen (2008, 2009) and Kleibergen and Mavroeidis
(2009)]. Howeyver, all tests are seriously size distorted with maximal size distortion as great as 100
percent if instruments are missing, while the projection method remains valid (level is controlled).

Overall, my results underscore the importance of using the projection techniques [see Dufour
(1997), Dufour and Jasiak (2001), Dufour and Taamouti (2005, 2007)] which do not exhibit such a
problem.

The paper is organized as follows. Section 2 formulates the model. Section 3 briefly describes
the robust subset statistics. Section 4 studies the asymptotic distribution of the statistics (under
the null hypothesis) when potential relevant instruments are omitted. Section 5 deals with the case
where the omitted instruments are weak. Section 6 presents the Monte Carlo experiment, and con-

clusions are drawn in Section 7. Proofs are presented in the Appendix.

2. Framework

Consider the following simplified simultaneous equations model:

y = Y101 +Ya0s + ¢, (2.1)

(Yl ’ Yé) = Z(H7F) + (Vl* ’ ‘/2*> ’ (22)



where y € R” is a vector of observations on the dependent variable, Y] € RTXG1 and Yy € RTXG2
are matrices of explanatory (supposedly) endogenous variables, Z € R7**+ is a matrix of excluded
exogenous variables, ¢ € R” is a vector of structural disturbances, V;* € RT*¢1 and V;* € RT*C2
are matrices of reduced form disturbances. 6; € RE1*1 and 0, € R¢2*! are unknown structural
coefficients, IT € R¥=*G1 and I € R¥=*G2 are matrices of unknown reduced form of coefficients.
Let 0 = (0, 05)',and G = G1 + G with G > 1.

We are interested in making inference on the first component 61, treating the second component

7 as a nuisance parameter. More formally, we want to test the hypothesis
Ho : 01 =01, (2.3)

where 0; € RE1*1 is fixed.

The projection method proposed by Dufour (1997), Dufour and Jasiak (2001), Dufour and
Taamouti (2005, 2007), and Doko and Dufour (2006), provides a two-step weak instrument ro-
bust procedure for Hy. The first step consists of testing the joint hypothesis Hy, : @ = . Since the

reduced form for model (2.1)-(2.2) can be written as:
y—Y0y = Zmn+e*, (2.4)

where m = I1(01 — 0p1) + (02 — Op2) and e* = ¢ + V{*(01 — Oo1) + V5 (02 — 6o2), Hy, can be
assessed by testing H; : m# = 0 from a F'-type statistic in (2.4), namely AR-statistic [see Anderson
and Rubin (1949)]. Hence, a confidence set for the true value 6y can be obtained by inverting this
statistic. The second step consists of applying projection techniques to obtain a confidence set with
correct coverage probability for 6, whether identification is deficient or weak (weak instruments).
More interestingly, the confidence set for #; obtained by projection is robust to instrument exclu-
sion [see Dufour and Taamouti (2007)]. A common criticism is that the projection method is overly
conservative and has low power when too many instruments are used. Robust subset procedures
have then been suggested to assess subset hypotheses [see Stock and Wright (2000), Kleibergen
(2004, 2005, 2008, 2009), Kleibergen and Mavroeidis (2008, 2009), and Startz et al. (2006)]. How-
ever, not much is known about their behavior when instruments are omitted in model specification.
The main goal of this paper is to investigate the asymptotic size properties of the plug-in based
subset tests when such problems arise.

To better circumscribe the problem, suppose that Y; and Y5 depend on a second set of instru-



ments W which are not used within the subset procedures, i.e.:

y = Y101 +Ys0s + €, (2.5

(Y1,Ye) = Z(II,I)+W(d,,,2)+ (Vi,Va), (2.6)

where W € R7*kw is a matrix of explanatory variables (possibly correlated with ). Note that
W may include any variable that could be viewed as independent of the structural disturbance u
in (2.1), and could be unobservable; @}, € RF«*G1 and ¢2 € RF»*E2 are unknown coefficients
associated with W in each first step regression. The link between (V1 , V2) in (2.6) and (V}*, V)
in (2.2) is:

Vi, Vs = (Wi, Vo) + W(D,,,P2). 2.7)
Under Hy, the reduced form for y — Y710p; from (2.5)-(2.6) can be written as:
y—Y1001 = Zr*+We, + Veba+e= 21"+ Vabs + u, (2.8)
where 7 = I'6y, ¢,, = D202, and the errors u are given by:
u=c+Wop,. (2.9)

In this paper, I examine the size property of robust subset procedures when u is used in the compu-
tation of the statistics instead of the true errors . More precisely, what happens to subset procedures
if instruments W are ignored while they are part of the true DGP given by (2.5)-(2.6)?

Let 92 be the limited information maximum likelihood (LIML) estimator of 85 under Hy. From
(2.5)-(2.8), the variable y — Y10¢1 — Ygég used as the dependent variable in robust subset procedures

satisfies:
y—Y1901 —Ygég = ZTNI'-l-ﬂ, (2.10)
where @ = quw -+ € and

7 o= I8 —001) — (02 — 02), ¢y = DL (01 — Oo1) — P2, (02 — 02)

E = 6+V1(01—901)—V2(52—92). 2.11)



The robust subset procedures consider that the errors @ in (2.10) are asymptotically uncorrelated
with Z. However, we can see from (2.10)-(2.11) that this is true only if Z and W are uncorrelated
or 92 is consistent to #5. Furthermore, even if 61 = 031, Hy cannot be assessed from (2.10) via
H: : @ = 0 even asymptotically. Indeed, suppose that we have 05 — 0 % A under Hy, thus,
# B m=TAand ¢, 2> ¢, = B2 A. If A # 0, it is clear that Hy does not entail HA* : 7 = 0
unless I'A = 0. This suggests that the omission of the instruments W may have negative impact in
term of size control.

I now make the following generic assumptions on the asymptotic behavior of model variables
[where X > O for a matrix X means that X is positive definite (p.d.), and — refers to limits as

T — oo]:

(e:Vi:W)(e:Vi:V) & ©>o0, (2.12)

IS o1 211 Y2 | (2.13)

02 o1 Yoo

whereass : 1><1, Oc1 :Ulel : 1XG1, 02 :O'éz : 1><G2, 211 ZG1XG1, 212 = 212 : G1XG2,

222 : GQ X GQ.

1 Yz Yaw

7(Z. W) (2, W) 5 Qg = : (2.14)
E/ZW 2w
1 , ) 0 0 0
T (Z, W) (e, V1, Vo) = , (2.15)
5w€ EWI 2W2

where EZ : kz X kz, EZW : kz X ]{Jw, EW : kw X ]{Jw, EWl : kiw X G1, EWQ : kw X G2 and
Owe : kuw X 1.

— 7' (e Vi, Vo) S (Fey Son, Fan) s (2.16)

5=

where

vec(Lue, S21, S22) ~ N[0, ¥ ® Xy] 2.17)



with S, 1k, x 1, S k. x G, Ssn kX Ga, S5 ~N|0, 0..X7], vee(S 1) ~ N[0, V11 ®
Yz] and vec(#, 2) ~ N[0, Yoo @ X7].

Note that Xy, may be singular, i.e. the columns of W may be redundant or asymptotically
dependent. In addition, Z and W may be asymptotically correlated so that X7y, # 0. Furthermore,
we allow a dependence between W (the missing instruments) and ¢, i.e. dy. # 0. Clearly, the
above framework is quite general and allows W to include potential endogenous regressors. An im-
portant question that is often addressed is the validity of the set of available instruments. However,
Doko and Dufour (2008) have shown that when identification is deficient or weak, and endogene-
ity moderate, using invalid instruments may result in an asymptotic efficiency gain relative to not
including them in the set of available instruments. Strictly speaking, there is no reason to assume
dwe = 0.

Now, from (2.12)-(2.17), we have:

Z'Y: A
plim ( 2) = Yy, = Xy + Xyw®2, plim < W) = Yyw,(2.18)
T—o00 T—o00 T
YJY: Y{(Ir — kM)Y: -
plim < 2 2) = Yy,, plim 2 Y2 =y, (2.19)
T—00 T T—o0 T
YI(Ir — kM
plim 2 — kM)W - _ Azw. (2.20)
T—o00 T
I will assume that
rank(Xy,) = G . (2.21)

Assumption (2.21) replaces the usual high-level assumption of identification of 6. However, the
results obtained can easily be extended to weak and complete non identification of #5. Of course, in
these later two cases the concentrated LIML estimator of 5 under Hg : 81 = 6g1, say 92 = 92(901),
converges to a non degenerate random variable [see Staiger and Stock (1997, Theorem 1) in the
context of k-class estimators]. Strictly speaking, this assumption facilitates the exposition of the
results but can be relaxed without changing their meaning. Following Startz et al. (2006), the LILM

estimator 0 of 6 computed from model (2.1)-(2.2) is given by:

Oy = [Yo(Ir — kMz)Ys] 'Yy (Ir — kMz)(y — Yibo1), (2.22)



where k = k LILM 1s obtained by minimizing

(y — Y1001 — Y202) (y — Y1001 — Y202)
(y — Y1001 — Yab2)' Mz(y — Y1001 — Yabs)

k(0o1, 02) = (2.23)
with respect to 03 and k = argming, [k(6o1, 62)]. Stock and Wright (2000) have shown that if
rank(I") = G (i.e. the hight-level assumption for identification of 63 holds), plim (k) = 1 and 65

T—o00
is consistent to 05, i.e.:

plim 05 = 6. (2.24)

T—o0

Of course, (2.24) holds under no instrument exclusion in (2.1)-(2.2). Consistency may not hold if

some instruments are left out of the analysis.

Now, define:
Dy = YQ[}/QI(IT — ];Mz)YQ]ilyél(IT — ]%Mz)
= ldylicyj<r (2.25)
~ Z'(It — Dy )W
Yyw = plim ( Ur T v) ) |ke=1
T—o00
= Ueoke — E2v(X5v, 27 X2v) ' 22y, X7 1 22w, (2.26)

where Y7y, = plim (%) and dy; is the (¢, j)-th element of Dy . Let &, = Z;fr:l cztjat, where
T—o0

—dy; if j#L
dy; = 2.27)

1—dy if j=t

I assume that the following distributional limit holds jointly:

L ZT_ {Z’?:t — plim (42 ] R
ekt T%o~< g ) 4 o= T (2.28)
L |2 = D)W = S| 6., T,

where . ~ N[0, X o], .73 ~ N[0, X4] and .7 ~ N[0, Xy ]. Note that from the above nota-
tions, we can write Z'(Ir — Dy)e = Y.1_, Z/Z. It is also worthwhile noting that the normality

assumption can be relaxed. In particular, ., .#; and .4 ~could have any distribution. Furthermore,



Sy and .y ~may also be correlated. That should be the when W and ¢ are correlated.
Before characterizing the asymptotic behavior of 65, I first present the subset statistics studied

here.

3. Test statistics

This section introduces the four robust subset statistics which are studied.

(a) The AR subset statistic to test Hy : 61 = 0y reads

1

AR = —
(901) kzaes(QOI)

(y — Y1001 — Y202)' Pz(y — Y1001 — Ya0s), 3.1
where o (6o1) = 72 (y — Y1001 — Ya02)' Mz(y — Y1001 — Y20s).

(b) Kleibergen’s (2002) Lagrange multiplier (KLM) statistic to test Hy : 61 = 61 reads
[see Kleibergen (2004)],

1 _ B,
where
. - oy (0
[(00) = (22)7 2% — (y— Yifor — Yaba) 222000} (33)
055(901)
5 - ooy, (0
F(0n) = (Z'2)7'Z'[Ys — (y — Y1601 — YZQQ)L((”) , (3.4)
055(001)

and asm(001) = T%kz(y — Y1901 — YQég),MZy;', 7, = 1, 2.

(c) A J-statistic that tests miss-specification under Hy, Hy : E[Z'(y — Y1001 — Ygéz)} = 0, reads,

JKLM(6g1) = AR(6g1) — KLM(fo1). (3.5)



(d) And a subset extension of the conditional likelihood ratio statistic to test Hy : 81 = 6¢;1 reads

[see Moreira (2003)]:

MQLR(fp;) = %(AR(901)—7’m(901))+

%\/[AR(HM) 7 (Go)]? — A[AR(G91) — KEM(Bo1)7m(Gor)],  (3.6)

where 7,,(0p1) is the smallest eigenvalue of

Sruqrr(Bor) = [T(001)]'[T(Bo1)], (3.7)
1 1
T(g()l) - (Z Z)Z[ (601) (001)] (Yl Ya)(Y1:Ya).e? (3.8)
1
a1l b 0
— Y1Y1.(e: Y2)
E(Yi : YQ)(Yl :YQ).E - 271 21 ! ﬁz_% 2_% 9 (39)
T Yo Ys.e YoYi.e Y1Yi.(e: Y2) Y2Y2 €
R 1 R
2vivi(e:vs) = T kY1M(Z;Y2;é)Y1, 2vyvie = T kY2M(Z:g-)Y1,
. 1 R
2VyYye = T kYQM(Z:é)YQa £ =y — Y1001 — Yabs. (3.10)

If rank(I") = G2, and no instrument is omitted, the null (conditional) limiting distribution of the
above statistics are standard chi-squares [see Kleibergen (2008, Theorem 1)]. Furthermore, Kleiber-
gen and Mavroeidis (2009) extend their validity to a weak identification setup. More precisely, the
authors show that the null limiting distribution of the test statistics when rank(I") = G2, provides
an upper bound for their limiting distribution when the nuisance parameter is not identified. So, all
subset procedures are typically identification-robust if no instrument is omitted, but may not be if

instruments are missing.

Let
G2 = (1= K")(DL0ue + 02:), gy (K, 6) = 551 (52 + Azw ), (3.11)
6-88 - Uaa + 2(25;1;511)8 + d){wEW(ybw + A92 (k*v ¢w)/EYQ A92 (k*J ¢w>
—2[0he + ¢, (Zpw I + Zwd;, + Zw2)Aa, (K, ¢,,), (3.12)
Gew = [Zawdw — Ezvy Ao, (K*, 00))' 25 [Ezwde — L2v, Ao, (K*, ¢,)],  (3.13)

0:6 = Oce + 2¢{w§w£ + d)quWd)w + Aez(la ¢w)/ZY2A92(17 ¢w)

10



—2[0h. + &L (Zyw T + SwdZ + Zwe)| e, (1, du)s (3.14)
Tee 14 Tow (3.15)

Oce — O¢g,w Oce — Og,w

E* =

where .. — 0. 4 > 0, i.e. K* > 1. Lets also define

Lo, = T+ 57 Sawty, - 57 (Sawoy - San b, 6,) 22, (3.16)
Op, = Iy, —Ty (I Yzl ) ' T}, Sz10, (3.17)
Iy = Iy+ 5" Yowd, — £, (Zzwow, — zv, Ao, (K, %))Zi’ (3.18)

Oy = I —Ty (I}, Yzly ) ' T}, Y7115 (3.19)
M, = 7' (Sawéy - Son ek, 0,) 2 (320

where 5., 1 = 1,2 are given by
Gei = (05 + G Xwy,) ey — 23, Dyvavy) — (Zzw by — Zzv, A0, (K, 0,,)) 25 Lz,

And finally, let

;= S (Zzwdy, — ZZYQAeQ(k*,%))Zi, (3.21)
e, = I —1Iy (I} Sz0p,) ' I Y7115 (3.22)
by = o+ X, Law®p, + 5, Sn — X, (Fa+ y%)g“ : (3.23)
0y, = T+37 Zgwdy, Ay, = vy, — Fé?w(F2;22F£w)‘1€;¢;zzw¢w. (3.24)

Lemma 3.1 characterizes the asymptotic behavior of the concentrated LIML estimator 0 of 0.

Lemma 3.1 ASYMPTOTIC BEHAVIOR OF A5 WITH MISSING INSTRUMENTS. Suppose the as-
sumptions (2.12) - (2.17) and (2.21) hold, and let 01 = 6¢1. If model (2.1) - (2.2) is used in the

computation of 0y instead of the true model (2.5) - (2.6), we have

plim (0 — 02) = Ag, (k*, b,,), (3.25)

T—o00

where Ay, (k*, ¢,,) is defined by (3.11).

(i) We observe that the above lemma requires rank(i‘yz) = (2, which is the high-level as-

sumption of identification of 5. However, the result extends to a weak identification setup from

11



similar assumptions, as in Staiger and Stock (1997, Theorem 1). In which case Ag, (k*, ¢,,) is a
non degenerate random variable rather than a fixed vector.

(ii) We note that Ay, (k*, ¢,,) is not necessarily equal to zero even if k* = 1. Hence, k* = 1 is
neither a necessary nor sufficient condition for consistency when instruments are missing.

(iii) We can decompose Ay, (k*, ¢,,) as:

Doy (K, 0) = (1= k) E0 oo + 51— B8 0we + Azw o] - (3.26)
—_———
bias if any missing instruments bias due to missing instruments

If any instrument is missing, the second term in (3.26) vanishes and the asymptotic bias of 0,
reduces to the first term. Since when no instrument is omitted we have k* = 1, the first term
also disappears so that Ay, (1,¢,,) = 0. Hence, 0 is consistent to o as expected. However, if
instruments are missing, both terms may not vanish and Ay, (k*, ¢,,) may not be zero except when
the sum is zero. Which means that 6 is generally inconsistent with missing instruments. So, it is
natural to conjecture that this inconsistency affects the asymptotic distributions of subset tests, as
shown in Sections 4-5.

Now, let V(v) be the affine hyperplane given by:
V(v) = {v € RFe . By — by = o} : (3.27)

where By, = Xz —Xzy, ZNJ;;AZW is a k, X ky, matrix and b, = (1—k*) X2y, 2;21 (02e +Q5%U/5w5)
is a k. x 1 vector. We observe thatif ¢, € V(v), wehave 6. , = Xzw o, — Xzv, Ao, (K™, ¢,,) =0

and £* = 1. Let B,, be any generalized inverse of B,,. We then have
v1 € V(v) © v1 = Byby + (I, — ByBuw)vo, (3.28)

where vy is any arbitrary vector in R¥w.
To give an intuitive regression interpretation of V(v), assume that & = 1, and define Y» = P;Y5.

Then, we have
Z’(IT — Dy)W = Z’(W — P?QW) = Z'aw , (3.29)

where iy are the residuals from the regression of W on Y, and P};2 = 172(}72’ }72)*1172’. So, under

12



the assumptions of Lemma 3.1, if further £* = 1, then we have:

7' Z'(Iy — D
plim ( “W> — plim < (Ir Y)W> = Buo, . (3.30)
T—o0 T T—o0 T

Hence, since b, = 0 when k* = 1, we have ¢, € V(v) < plim (@) =0, ie. Zis
asymptotically uncorrelated with the residuals @y . Clearly, V(v) chazl;zgtoerizes the set of parameters
in which Z is asymptotically uncorrelated with the residuals @y, . We will see in the next section that
(3.30) provides a necessary condition for subset procedures to be valid (in terms of size control).
Moreover, even if £* = 1, we may have B,,¢,, — b, # 0. Hence, £* = 1 is not a sufficient
condition for the subset tests to be valid.

To study the effect of instrument exclusion on subset statistics, I distinguish two setups, related
to the strength of the missing instruments W: (I) #2, = &2, is fixed and (II) 2, = &3, /V/T.
Setup (I) describes the case where the missing instruments are (possibly) relevant. For example,
W is strong if rank(®3,) = Go and weak if 0 < rank(®3,) < Ga. In the latter case, some
linear combination of the columns of W are strong. Setup (II) represents asymptotically weak
missing instruments. It is assumed here that all the columns of W are asymptotically weak [similar
to Staiger and Stock (1997)]. Of course, an extension of (II) that is more relevant for practical
purposes arises when at least one component of W is strong. However, the meaning of the results

will not change from such an extension. Section 4 presents the asymptotic distributions of subset

statistics when @2, is fixed.

4. Asymptotic behavior with possibly relevant missing instruments

In this section, I characterize the limiting distributions of robust subset statistics when potential
relevant instruments are left out of the analysis. Theorem 4.1 characterizes the limiting distributions

of the subset AR statistic.

Theorem 4.1 DISTRIBUTION OF SUBSET AR STATISTIC WITH MISSING IV. Suppose the as-
sumptions (2.13) - (2.17) and (2.28) hold. Assume that model (2.1) - (2.2) is used in the compu-
tation of the statistics instead of the true model (2.5) - (2.6). Assume furthermore that (2.21) is

satisfied. Let $2, = @2, and 01 = 01, where &}, € RF*CG2 and 0y, € RE are fixed. If
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b E V() :

AR(6p) % oo @.1)
If ¢y € V(v) :
1
AR(0¢1) i} f;mm = o (S + ngw)/ZEl(yd + y@ﬂ), 4.2)

where .S and 7y are defined in (2.28).

First, the results of Theorem 4.1 holds irrespective of whether 6, is identified or not, i.e. I
and . may have fixed, zero or weak (local to zero) values. Second, we note clearly that when
instruments are missing, subset AR-test may be seriously size distorted in large samples. Indeed,
if ¢, ¢ V(v), AR(0p1) diverges. Hence, the maximal asymptotic size distortion of this statistic
is as high as 100 % when we use standard chi-square critical values. Furthermore, asymptotic
size correction is infeasible since the limiting distributions of the statistics diverge. However, if
¢, € V(v), the asymptotic distribution of the AR-statistic is finite but is modified in a way that may
lead to size distortions in large samples. Corollary 4.2 characterizes the necessary and sufficient

condition under which subset AR-test is valid (level is controlled).

Corollary 4.2 VALIDITY OF SUBSET AR-TEST. Suppose the assumptions of Theorem 4.1 hold.

A necessary and sufficient condition for the subset AR test to be valid is:

7
phm< ;‘W> = 0 and ¢, =0, 4.3)

T—o00

where Uy is defined in (3.29). More precisely, if (4.3) is satisfied, we have:

AR(001) 5 — 2 (k. — G). (4.4)

1
k.

The above corollary indicates that the validity of the subset AR-test requires the set of instru-
ments Z that is used the inference to be asymptotically uncorrelated with the residuals which result
from the regression of the missing instruments W on the fitted value Yy = PY; in the first step
regression. If W is known, this condition can be used as a rule of thumb to check whether the AR

subset test is valid or not. Unfortunately, the missing instruments could be unobservable, leaving
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this rule of thumb infeasible. It is important to observe that neither plim (%) =0nor¢, =0
provide the sufficient condition for the validity of the test. The conﬁi}i)on ¢, = 0 is sufficient only
when W is uncorrelated with ¢, i.e. W is exogenous. In this case, we have Ay, (k*,0) = 0 and the
AR-test is valid.

I now focus on the subset KLM, JKLM and MQLR statistics. In what follows, the notation
MQLR (6o1) % X reads MQLR (001)|+,,(601) 4 X , for any random variable X. Theorem 4.3

present the results.

Theorem 4.3 DISTRIBUTIONS OF KLM, JKLM AND MQLR SUBSET STATISTICS WITH MISS-
ING IV. Suppose the assumptions (2.13) - (2.17) and (2.28) hold. Assume that model (2.1) - (2.2)
is used in the computation of the statistics instead of the true model (2.5) - (2.6). Assume further-
more that 2 = &%, and 01 = 0oy, where D3, € RFXG2 gnd 0y, € R are fixed. If ¢, ¢ V(v),

then:
KLM(601) > +o0, JKLM(6001) -5 +00, MOLR(801) % +o00 4.5)

when at least one of the following conditions holds: (A) IT = IIy, ) = @%UO, with rank(I'y ) =
G2 and rank(©y ) = G1 or (B) Il = Iy /T, @) = &X' /\/T, with rank(l'y ) = G2 and
rank(@;w) = Gi1. If ¢, € V(v), then:

KLM(001) % G5y o JKLM(001) % kably — Gy, (4.6)

1
5[@53@%, — Tm(0o1)] +

[ (e, + Tm000)? = Aketls, — Gp )Tm(B01)] s @)

MOLR(001) 2
1
2

where

1
Cho, = Eho, = = (Fa+5,) Po,, (Fa+T5,), (4.38)

1
kelig, —Cig, = —(La+ T,) Mo, (Sa+s,), (4.9)

ge
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when (A) IT = IIy, ®L, = L with rank(l'y, ) = G and rank(©y ) = G and:

w

1
Cio, = Ehg, = = (Fat Lo,V Pay (Fut Ts,). (4.10)
EE
1
ko€l — g;f% = - (Fa+ Fp,) Ma, (Fa+Ts,), (4.11)

ge
when (B) I = ITy//T, ®L, = ®L' /\/T, with rank(Fg ) = G, 557% is defined in Theorem 4.1.

The above theorem is similar to Theorem 4.1. When ¢,, ¢ V(v), the subset KLM, JKLM and
MQLR procedures are seriously size distorted in large samples, hence invalid for the hypothesis of
interest. Even when ¢,, € V(v), the asymptotic distribution of the statistics can be modified in a
way that could lead to size distortions. Unlike Theorem 4.1, the results of Theorem 4.3 additionally
require the full rank assumption of the matrices I'y , Oy , and I' (gw. An extension to cases where
these assumptions break down is more complex and not covered by this paper.

Corollary 4.4 characterizes the case where the subset KLM, JKLM and MQLR procedures are

valid.

Corollary 4.4 VALIDITY OF SUBSET KLM, JKLM AND MQLR TESTS. Suppose the assump-
tions of Theorem 4.3 hold. A necessary and sufficient condition for the subset KLM, JKLM and
MOQLR tests to be valid, is:

Z'i
plim( ;‘W> = 0 and ¢, =0, (4.12)

T—00

where tyy is defined in (3.29). More precisely, if this condition is satisfied, we have

KLM(601) 5 & ~ x*(G1), JKLM(801) > € ~ x*(k. = G) (4.13)
1
MQLR(601) % 5 [k-€5 — o (001)] +
1
3 |V (h€h 7 B0n))? = A€l () (@14

where f}l and 53 are independent distributed random variables.

The proof of the above corollary is similar to Corollary 4.2 and is omitted. The following section

focuses on the setup where the missing instruments are asymptotically weak.

16



5. Behavior with asymptotically weak missing instruments

In this section, I consider the missing asymptotically weak instruments setup. I characterize the

asymptotically weak instruments setup by the assumption:

&7, = 05,/VT, (5.1)

where Q'%w : ky X Go is a fixed matrix. Assumption (5.1) is similar to the weak instrument
asymptotic of Staiger and Stock (1997). Theorem 5.1 characterizes the limiting distributions of the

subset AR statistic.

Theorem 5.1 DISTRIBUTION OF SUBSET AR STATISTIC WHEN THE MISSING IVS ARE ASYMP-
TOTICALLY WEAK. Suppose the assumptions (2.13) - (2.17), (2.28) and (2.28) hold. Assume that
model (2.1) - (2.2) is used in the computation of the statistics instead of the true model (2.5) - (2.6).

Let @?U = @%w/\/f and Hy : 01 = 091, where @%w is a ky X Go fixed matrix. If k* £ 1, then:

AR(B01) > +oc. (5.2)
Ifk* =1, then
AR(01) % € = (Fa+ 1o, ) Z7 (S + g, (5.3)

k.o
where iy = Sow D, Xow is given by (2.26) and .7 is defined in (2.28).

We note from the above theorem that the subset AR procedure may be invalid even if the omitted
instruments are weak. In particular, if £* # 0, AR(6o1) % 450 and the size distortions of the
AR-test are as great as 100 %. Even when k* = 0, the asymptotic distribution of AR(fp1) is
not necessarily a standard chi-square. The subset AR procedure is only valid when py = 0, as

indicated in Corollary 5.2.

Corollary 5.2 VALIDITY OF SUBSET AR-TEST WITH WEAK OMITTED INSTRUMENTS. Suppose
the assumptions of Theorem 5.1 hold. If k* = 1 and i’zwgbg, =0, then
d 1 2
AR(901) — ]{Jix (k?z — Gg) (54)

z



The proof of Corollary 5.2 is straightforward. Under the assumptions of Theorem 5.1, if further
k* =1and 2ZW¢?U = 0, we have py = 0. Putting this in Corollary 4.2 yields the result. Observe
that the condition i‘zwqﬁ?ﬂ = 0, which insures the validity of the AR-test is a special case. Hence,
the subset AR-test is generally invalid unless this condition holds. If k., # k,,, the kernel of i’zw
is different from {0}. Thus, there exists zy # 0 such that ﬁzwzo = 0. In that case, one could have
¢?U # 0 satisfying izwqbg) = 0 and the subset AR-test procedure will still be invalid. The next
theorem deals with the KLM, JKLM and MQLR subset statistics.

Theorem 5.3 DISTRIBUTIONS OF SUBSET KLM, JKLM AND MQLR STATISTICS WHEN THE
MISSING IVS ARE WEAK.  Suppose the assumptions (2.13)-(2.17), (2.28) and (2.28) hold.
Assume that model (2.1) - (2.2) is used in the computation of the statistics instead of the true model
(2.5)-(2.6). Let ¥, = @2, /T and Hy : 01 = 0o1, where B, is a ky, x Go fixed matrix. If
k* # 1, then:

KLM(6y1) > 400, JKLM(0g1) % 400, MOLR(61) % +o00 (5.5)

when at least one of the following conditions holds: (A) I = IIy with rank(I'y) = Go and
rank(©g) = Gi or (B) I = IIy/V/T with rank(Iy) = Go and rank(©}) = G, where Ty,
Oy and O are obtained by setting ¢,, = 0 in the expressions of Iy , Oy and @:;w defined in
(3.21)-(3.24). If k* = 1, then:

KLM(001) 5 (3o, JKLM(001) % ko6l — 2, (5.6)
1
MOLR(001) 2 5 [k:Eio = T (Go1)] +
1
3 [V/(he€ho + TG0~ 48l — G| . 6
where
1
CGo = &io= —(Fa+t t1g,) Poo(La + g, (5.8)
EE
1
kolio—Cho = T(yd + g, ) Moy (Fa + 1g,)s (5.9)
EE
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when (A) II = Iy with rank(Iy) = G2 and rank(©g) = G and

. 1
Go = &= —(Fatng,) Pao(Ta+ pg,,), (5.10)
(33
. 1
ko€ho— Cio = 0—86(5@ + g ) Mag(La+ pg ), (5.11)

when (B) IT = ITo /T with rank(I) = G,

Ao = o~ Io(I3 Xz 10) " 5 Sz,

ty

=0
Oc1

Mo+ X, S0 — S, (S + g, (5.12)

bl
Oce

04
i)

fcll’o, Ig, are defined in Theorem 4.1, &
sion of 7., defined in (3.16)-(3.20).

t =1, 2, are obtained by setting ¢,, = 0 in the expres-

The proof follows from Theorem 4.3 and Theorem 5.1. Again, note that the subset KLM, JKLM
and MQLR procedures may be seriously size distorted even when the missing instruments are weak.

I now characterize cases where the subset KLM, JKLLM and MQLR are valid.

Corollary 5.4 VALIDITY OF SUBSETKLM, JKLM AND MQLR TESTS WITH WEAK OMITTED

INSTRUMENTS. Suppose the assumptions of Theorem 5.3 hold. If k* = 1 and b)) ZW¢2; = 0, then:

KLM(601) % €4 ~ x*(G1), JKLM(B01) 5 €2 ~ X2 (k. — G), (5.13)

1
MOLR(001) 2 5[1@55 — Tm(001)] +

3 |Vl 7B — kel = e . S8

where 55 and 53 are independent distributed random variables.

The proof is obtained by setting y14, = 0 and k* = 1 in Theorem 5.3. Section 6 presents the

Monte Carlo experiment.

6. Monte Carlo simulations

In this section I explore the effect of missing instruments on the size of robust subset statistics

through a Monte Carlo experiment. I consider the model with two endogenous variables described
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by the following data generating process:
y = Y101 + Yo0o + u, (Y]_,YQ):Z(H,F)+W((51,52)+(V1,‘/2) (6.1)
The instrument 7" x k, matrix Z is such that Z; follows i.i.d N(0, I,_) fort = 1, ..., T. The

errors u, V7 and V5 are T' x 1 vectors drawn as:

(ug, Vig, Vag) %N | 0, forall t=1,...,T. (6.2)

oo oo
S =
— o

W is aT' x 1 omitted instrument vector which is not taken into account when computing the different
subset statistics. The sample correlation between W; and Zj; cov(W4, Zj;) = 0.4, for each j =
1, ..., k. I define:

IT = n Iy, I' = nyIh, (61,02) = A(1,1) (6.3)

where 7; and 7, take the value 0 (design of complete non-identification), 0.01 (design of weak
identification) or 1 (design of strong identification), [I1y, o] is a k, x 2 matrix obtained by taking
the first two columns of the identity matrix of order k,, A takes the value 0, 0.01 and 1. If A = 0,
there is no omitted instrument. If A = 0.01, the omitted instrument is weak and finally if A = 1, it
is relevant. The correlation coefficient between v and V; (i = 1, 2) is 0.8, hence the variables Y;

and Y5 are endogenous and the IVs Z are necessary. I want to test the hypothesis

Hy: 0, =00. (6.4)

The number of instruments k, varies in {5, 10,40} and the true value of 61 and 6 are set at 0y, = 2,
fo2 = 5. The simulations are run with the sample size 7' = 300, and the number of replications is
N = 10, 000. The nominal level of the tests is 5%.

The results are presented in Table 1. In the first column of the table, I report the statistics
(including the projection-based, say AR, ;, which uses the AR-test that tests the joint Hypothesis
01 = 0p1 and 02 = 6p2.). In the second column, I report the values of &k, (number of excluded
instruments). The other columns report (for each value of A and instrument qualities n; and 7)),
the rejection frequencies of the statistics at nominal level 5%. Except for the critical value of the

subset MQLR statistic which is computed in the simulations [see Moreira (2003)], I use standard
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chi-squares critical values for the other statistics. The main findings can be summarized as follows:
(i) the projection-based AR-test (here AR,;) is typically robust to instrument exclusion whether
identification is strong or weak [similar to Dufour and Taamouti (2007)],

(i) if no instrument is missing, all plug-in based subset tests are valid (size is controlled) even if
identification is deficient (weak I'Vs). In particular, they are conservative when I'Vs are weak [similar
to Kleibergen (2008, 2009) and Kleibergen and Mavroeidis (2009)],

(iii) all plug-in based subset tests are seriously size distorted, with empirical rejection frequencies
as high as 100 % (rather than 5 %). The distortion persists even when the omitted instrument is
not very strong. However, the more relevant the missing instrument is, the larger the distortions.
Furthermore, we observe that AR (61 ) is less size distorted than MQLR which itself is more robust
than KLM. The JKLM statistic which tests the miss-specification under Hy exhibits less distortions
than the AR, KLM and MQLM tests,

(iv) overall, these results underscore the importance of using the projection techniques [see Dufour
(1997), Dufour and Jasiak (2001), and Dufour and Taamouti (2005, 2007)] which do not exhibit

such a problem.
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7. Conclusion

In this paper, I focus on the linear IV regression model and study the asymptotic size properties
of the subset tests proposed by Kleibergen (2004, 2008), namely AR-test, KLM-test, JKLM-test
and MQLR-test. I consider two main setups: the first where the missing instruments are (possi-
bly) relevant and the second where they are asymptotically weak. In both setups, I show that the
asymptotic distributions of all statistics diverges generally when instruments are omitted. Hence,
all subset procedures are in general consistent against instrument inclusion (hence asymptotically
invalid for the subset hypothesis of interest) I characterize cases where consistency may not hold,
but the asymptotic distribution is modified in a way that would lead to size distortions in large sam-
ples. I provide a necessary and sufficient conditions under which the asymptotic distribution of the
statistics remains the same as in the case where any instrument is missing (despite the exclusion
of some of them). And finally, I propose a “rule of thumb” which allows to practitioners to know
whether a missing instrument is detrimental or not to subset inference. I present a Monte Carlo
experiment which confirms the theoretical results. I find that when no instrument is missing, all
the test procedures studied are valid whether identification is strong or weak. In particular, they
are conservative when identification is deficient or weak (weak instruments) [similar to Kleibergen
(2008, 2009) and Kleibergen and Mavroeidis (2009)]. However, all tests are seriously size distorted
with maximal size distortion as great as 100 percent if instruments are missing, while the projection
method remains valid (level is controlled).

Overall, my results underscore the importance of using the projection techniques
[see Dufour (1997), Dufour and Jasiak (2001), and Dufour and Taamouti (2005)Dufour-
Taamouti(2005),Dufour-Taamouti(2007)] which do not exhibit such a problem.
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APPENDIX

A. Proofs
PROOF OF LEMMA 3.1 Assume that Hy : 61 = 6p1. From (2.1), we have
y—Y1001 = Y202+ up. (A.1)

Substituting (A.1) in (2.22) gives

0y = 09+ [Yzl(IT — ];Mz)Yz]ill/QI(IT — ];Mz)uO. (A.2)

By Using the first equality in (??) and the notation Dy = [YJ(I7 — kM) Ya) 1Y) (I7 — kMy), we

have

02— 02 = Dye+ DyWe¢,,. (A.3)

From the expression of Y5 given by (2.6), we have under the assumptions (2.12) - (2.17)

Z'Ys )
T — EZYQ =X+ Zzwéw, (A4)
YyYy  (ZD+ WL + Vo) (ZI + WP2, + Vh)
T T
VAV Z'W Z'Vy  (W'Z
= I r+r (=)o, +1 oo | — | T
(7)) rer (5 ) e (52 42 (5
 (W'W W'V VaZ 17474
2 2 2 2 2 2 2
+02 (T )%Jr@w( 7 >+< = >F+< - >gzsw
/
Sy, = I'S;0+I'Sw®2 + &2 50T + 62 Dy d? + 62 Syo
+ X0 P2, + Do (A.6)
Yy(Ir — kMy)Y: - Yy -Y4Z (Z'Z\ ' Z'Y
5t z)Y2 _ -2 gk p
T T T \T T
L Dy = (1 k), + k55, 5, 22y, (A7)

24



Yy(Ir — kMy)e

7 B (1= k) (@ 0ue + 02) = Gae. (A8)
Y!(Ir — kM ,
Q(T Tl‘f Z)W ﬁ) AZW:@aEW“‘F,EZW‘F(l_k*)E{/VQ“‘

k2 (Sw — Yy X, Xaw). (A.9)

Hence, provided rank(E'YQ) = (G, we have

Dye ~ Dy W =
TY LA Sl YT% 2 S Azw b, (A.10)
Or— 0y B Ag,(k*,¢,) = Iy (G2 + Azw ), (A.11)

where k* is defined by plim (k) = k*. We note that even if £* = 1, Ay, (1, ¢,,) may be different

T—o0
from zero. Hence, the condition k* = 1 is not sufficient for identifying 85 in presence of missing

instruments. The formula that determines k* (implicitly) is given by (3.15).

UJ
PROOF OF THEOREM 4.1 Under Hy : #; = 691, we have
e(fo1) = y—Yi0g1 — Yabo =y — Y1001 — Yably — Ya(fo — 62)
= ug — Ya(f2 — 02) = (It — Dy )uo, (A.12)

where Dy = Y[V (Ip — kM)Y]~'Yy(Iy — kM). So, we can write the numerator of the AR-

statistic (times k) as

/I _D /P I _D
£(001) Pze(001) =T uo (It v)' Pz(Ir Y)uo]

T
- [£0r - Dy)liz(IT ~Dy)e ¢, W'(Ir — Dy)’gz(fT - DYW%} . (AI3)

where the last equality in (A.13) holds because u = ¢ + W¢,,. Let focus on each term of (A.13)

(without times 7). The first is such that

EI(IT — Dy)lpz(IT — Dy)E o €I(IT — Dy)/Z (Z/Z>_1 ZI(IT — Dy)E (A 14)

T T T T ’
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where

- 1 -
Z/(IT — Dy)€ . 27/6 . Z/Y2 YQ(IT — k‘M),Yé YQ(IT — k‘M)/a?
T T T T T
EN —Xzy, 2;21525. (A.15)
Thus we have
8/(IT — Dy)lpz(IT — Dy)€ - ~_ _ 1~
T B Gh 30 Xy, X Dy, 4 6o (A.16)

By the same way, we get for the second term

/ "(Ir — DyvYPy(Ip — D
o, W' (I v) Pz (I Y)W¢w£>0

T (b'uj (A‘17)
06, = Vu(Zzw — Zzv, 53, Agw ) S5 (Saw — Vv, 23, Azw) b (A.18)
So, we find
ub(Ir — Dy Y Py(Ir — Dy)uo] » - ) )
olIr — Dy) TZ( T~ Dy)u| » Gw = [Emwén — Drva oy (b 6u) Z5" x
(Xzw b — Xzv, Doy (K™, by)]- (A.19)

Furthermore, using the third equality in (A.12), i.e., y — Y1001 — Yabo = ug — Yo (@2 —03), we have

6(901)/6(901) u6u0 UE)}/Q ~ ~ ,Y2’Y2 ~
= -2 0, — 0 0, — 0 0y — 0 A2
T T T(z 2) + (02 — 02) T(2 2), (A.20)
where
/ /
dto _ EXWOSEEWON 1 oy 26l b0e + 6Bty (A2D
nY: 'Y:
“OT 2 _ (4 V[;%) 28 ohe + (D I + Dw 2 + D). (A.22)

Hence, we get

6(901)/8(901)
T

_2[0/25 + ¢2U(Z/ZWF + EW@’IQU + EW2)]A62 (k*v ¢w) + A92 (k*v ¢w)/EY2A92 (k*a ¢w)7 (A.23)

& Oce = Oce + 2¢2U5w5 + gb;UEngw
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and

0o1)' Mze(6
6( 01) TZE( 01) £) 5-55 - &Eyw 2 Oa (A24)

where

LR (A.25)

(566 - &e,w>

If b ¢ V(v), we have 6 ,, > 0 and from (A.13), we have

(001) Pze(fo1) 5 +o0. (A.26)

Since the denominator of the AR statistic, say %jjwm) converges to 0ce — 0¢ 4 > 0, 1t s
clear that

AR(fo1) % +00. (A27)

Suppose now that ¢, € V(v), we have 6., = 0, i.e. Yzwo,, — X7y, Ao, (k*, ¢,,) = 0. From
(A.25), this is equivalent to k* = 1 and Xzw ¢, — Xzy, Ay, (k*, ¢,,) = 0 becomes gzw%] =0,
where EZW = [Ikz7kw _EZYQ E‘;QI(F,“‘@?;EIZWEEHZZW- We can then write ﬁZ’(y—Yﬂm —
Ygég) as
Z'(y — Y16o1 — Yo0 1 . -
t 1/%1 202) = —[Z'(y — Y1001 — Yab2) — Xzw o]

Z'(Ir — Dy)e  [Z'(Ir — Dy )W — Szwld,,
= A28
T + T ; (A28)

3

where we recall Dy = Y3[Y5(Ir — ]%MZ)YQ]_lyzl(IT — ];;MZ) Note that the presence of the

[Z'(I7—Dy)W—-Yzw]
VT

¢,, = 0 and this term vanishes from (A.28).

term

Su ip (A.28) is due to missing instrument V. If no instrument is missing,

Now, from (2.28), we have

1

Z'(y — Yifor — Yabo) % 71+ .7 A29
JT (y 1001 202) d Do ( )
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and
e(001) Pze(b0) > (FLu+ S5 ) S, (Sa+ Ts.). (A.30)

Furthermore, we have

1
mE(GOI),MZE(‘g()l) i) Oce + 2¢2u6ws + d)quW(z)w + A92(17 ¢w)/EY2A02(17 ¢w)
—2[0h. + ¢, (Sgw I + Swdl, + Zwa)] Ao, (1, 6,,)
= 0.
Thus
1 _
AR(001) S ), = o (Tat S,) T (SLat T,). (A31)
zY ee
O

PROOF OF COROLLARY 4.2  (A) NC: Suppose that (4.3) is not satisfied. It is useful to distinguish

the following three cases: (i) plim ( Z/}‘W) # 0 and ¢, = 0; (ii) plim ( Z’}”") = 0and ¢, # 0;
T—o00 T—o0
and (iii) plim (%) # 0 and ¢,, # 0. By noting that ¢, ¢ V(v) < plim (%) # 0, from
T—o0 T—o00
the first part of Theorem 4.1, AR(f; ) diverges under cases (i) and (iii) hold. Now, assume that (ii)

is satisfied. From the second part of Theorem 4.1, we have

1
AR(001) S ), = (St S5,) 27 (St Ts,). (A32)

z¥ ee

where /4 ~is a non degenrate random variable. Hence, f(li’ ¢, cannot follow standard chi-square
with k, — G5 degrees of freedom. So, the AR subset test is invalid. So, the condition (4.3) is
necessary for the validity of the subset AR-test.

(B) SC: Suppose that

7'
plim< “W> = 0 and ¢, =0. (A.33)

T—o0
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Since ¢, € V(v) < :Ir)hm (%) = 0, from Theorem 4.1, we have
—00

AR(001) S b, = (Fa+ S5,V E; (Fa+ S,). (A.34)

k,o*

z¥ee

If further ¢,, = 0, then 7, = 0 so that Ay, (1,0) = 0 and o7, = o... Hence, we get

d

AR(0p1) 5 o =& = k —— 5. (A.35)

20¢e

Furthermore, we can show that
Fg = Un — Zovy (S, 87 S0v,) T X, 8515

1 1

1 — -3
& = yZ’EZZQMzg%EZYQ 2,2 e (A.36)

where Mg = I, — B(B'B)"'B',B =%, 222y2 Since M -1 is idempotent of rank Go
XXy,

and 2255@75 ~ N[0, o.-I. ], we have

1
€~ X (ks = Ga). (A.37)

z

PROOF OF THEOREM 4.3  Let Hy : 61 = 0p;. For both setups ¢, ¢ V(v) and ¢,, € V(v), we
shall distinguish two cases: (A) IT = Iy, where IIj is a k, x G fixed matrix and (B) IT = II,/ VT,
where 11y is a k, x (G1 fixed matrix (11 = 0 is allowed).

Suppose first that ¢,,, ¢ V(v).
Let (A) IT = Iy and &}, = di}uo, where 11 and @}UO are k, x Gy and k,, x G fixed matrices. We
first prove the result for KLM. This statistic can be written as

KLM(6p1) = e(001)' Py,

1
055(001) ZI(001)

_ (10 c(001) 7'016/(Z' 2)0) 'O Ze (601) (A39)
Oce 01)

6
- agj;)m)<(0m Zl) { < ) ] (Ze(;)()l)), (A.40)
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where @ = O(601) = IT(601) — I'(6o1) [f’(eol)/ (Z;Z) f(em)} P bor) (Z;Z) 1(601).

Since

J€6<601) £> Oce > 07
ey, (001) 2 0ei = O + O Dwy, — (05 + ¢, Swva) £3) Dvay, +
~(Zzw b — Zzvs Aoy (K, 60)) X, X2y,

- _ -~ " o
I(0y) 5 Oy =1+ X' Swdl, — X, (Eawde — Lzv, Ag, (k b)) =

— )

o
F(001) B Iy =T+ S, 2w — S, (Zawéy, — Doy, Ao, (K, %))Zf,
provided rank (I ) = G2, we have
O(00) 5 Oy, = Iy, — Ty (T Xzl ) 'Y SyI0,, (A.41)
If further 9% has full columns rank, then
Ze(j«?m) B w(k* b)) = Zzwo, — Yoy Aoy (K, ¢y,) #0,
(5(00%)2> 5 [é, <Zr}z) } -1 5 (Zegre()l)) B (k" 60) O, (O, 5704.) 104,
w(k*, ¢,,) >0
so that we get
KLM(01) % +oc. (A.42)
By the same way, we can show that
JKLM(6g;) = (%;901)5(901)’MMZ%1) 200y £ (B01) 5 +00. (A43)
Now, let focus on MQLR (6p; ). Following Kleibergen (2008), we have
OMQLR(o1) _ 1[ N KLM(6g1) + JKLM(801) + Ty (601) ]
OKLM(0o1) 2 VKM (0o1) + IKLM(01) + T (6001)]2 — 4TKLM(001)71m (001)
> 0, (A.44)

30



and

—

OMQLR (0o1)

CUIVIKLER\Y01) KLM(@(H) -+ JKLM(@Ol) — Tm(901) ]
OIKLM(6p1) 2

+
VIKLM(6p1) + IKLM(6o1) + T (001)]2 — 4TKLM(001) 7 (F01)
(A.45)

Y

Note that (A.44) is obvious. For the condition (A.45), we can see that: (1) if KLM(fp;) +
JKLM(0p1) — 7 (001) > 0, the result is obvious; (2) if KLM(6y1) + JKLM(6o1) — 7 (001) < 0,

we have

N KLM(0g;) + JKLM(0o1) — Ty (601) |
V[KLM(6o1) + IKLM(6o1) + T (001)]2 — 4TKLM(001) T (F01)
_ 1[1 " KLM(@Ol) + JKLM(QOl) — Tm(901)
2 V/[KLM(6o1) + IKLM(6o1) — 7 (001)]% + 4KLM (001)71m (001)

1 1
-~ l1= > 0. A.46
2 \/1 i 4KLM(001)7m (001) o ( )
[KLM(001)+TKLM(001)—7m (001)]2

So, the derivatives of MQLR (61 ) with respect to both KLM(6; ) and JKLM(6, ) are non-negative.
Since when ¢,, ¢ V(v), we have KLM(f1) -% +o00 and JKLM(01) -% +o00, (A.44)-(A.45) entail

that
MQLR (0g1) % +o0. (A.47)

(B) Now, let IT = ITy/\/T and IT = &L’ /+/T, where (ITy = 0 and &1 = 0 are allowed). Consider
the KLLM statistic defined in (A.40). We have

055(901) £> Oce,

Tie + G Zwy; — (05 + 0 Zwys) £y, Sy, +

ooy (Bo1) B 5o

—(Zzw o, — ZZY2A92(I€*’ ¢w))/2§122Yi7 1=1,2

~ " - . 5_
O(00) > I =X, (Szwéy, — Xzv, Ao, (k ,¢w));€1,
Ee
= P, -1 2 -1 « 0¢e2
I(0o1) = Iy, =1+ X, YXowdy, — X, (Xzwdy, — Xzv, Do, (k 7¢w))5_7‘
EE

Hence, if rank(Iy ) = G2, we have

O(bn) 5 O, =11} — Ty (I, $yTy ) "I X711 . (A48)
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If further ¢,, ¢ V(v) and O} has full columns rank, then

"7\ ~ [~ (2'Z\ <17~ (Z , , ,
(5(901) )@[9’( - )@} 9(5(1?01)> 5w (K, 6,)0; (0] $,0% )7'e) x

! w*(k*, ¢,) >0 (A.49)
so that
KLM(6p1) % +o0. (A.50)
By the same arguments, we get
JKLM (1) % 400, (A51)
and from (A.44)-(A.47), we also have
MQLR (0p1) % +o0. (A.52)

Suppose now that ¢,, € V(v).

As before, assume first that (A) IT = IIy and &, = 95115 . From the proof of Theorem 4.1, we have

Z'(y — Y1001 — Yaba) 4
— S+ Ly . A.53
Nix d Do ( )

The numerator of KLM can be written as

-1 ,25(001)

6(901),PM Zﬁ(901)8(601): \/%9(901) I:é/( T )é:| é(@()l) \/T s (A.54)

ZI(801)

where 0. (001) 2 ., and 0.y, (001)/T > i, i = 1, 2. So, if rank (I, ) = Go, we have

o5 My, I 5Ty,

Obn) 5 Oy, =1y —T, (Il SyIy ) "I Sy, (A.55)
If further Q% has full columns rank, we have

1
KLM(o1) % €3, = —(Fa+ F,) Po,, (St Ty,). (A.56)

Ee
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where Pg A
w

M, O,

=0y, (@fbw Oy, )_192%. By following the same way, we get

d

1
JIKLM(0o1) = kobiy, —Ehp, = U—*(yd + ) Mo, (Fa+F,),  (AST)

ge

=1 — Pg,, . Using the definition of MQLR(fo1 ), we then easily have

[kzgcli@w - Tm(HOI)] +

[\/(k’zé’}z,% +7m(001))% — 4kl g — €0 )Tm(B01)| . (ASY)

N |

MQLR(6p1) %
1
2

(B) Now, let IT = IT/+/T and @1, = &L’ /\/T. We can write the KLM statistic as

KLM (6

where vTO(001) = VTII(001) — I'(001) [~(901), (Z%Z> ~(‘901)}_1 I'(0o) (

S L) 4 / ey Zeb0)
e s [ (£2) ] )

Z;Z) VTIT(601).

Ze(6o1)

Now, we know that 0’65(001) ﬁ) 0';5, JT —) S+ yd)w OcY; (901) —> Uaz’ i =1, 2 with

Oci = 0'25 + (Z)QUEWYZ — (025 + ¢’/U)EWY2)Z~I;212Y2Y7;' (A.59)

From (A.59), we see that 5.0 = 0, since L~’YQ = Yy,y,. Moreover, we have

VTI(B0) 5 Wy =+ ;' Sqwdb, + 55 o1 — 5,1 Fa+ S, )‘_’51, (A.60)
r % 1) =I+5;'Ywe, (A.61)
~ d i _ /
VTO(001) > Ay, =1y —T9 (1§ S7I9 )7'TY Spipy (A.62)
So, we get
d . 1
KLM(0o1) % €54 = —(Fa+ T,V Pa, (Sa+Ts,), (A.63)

and

Ee

1
IKLM(001) % kel g, — Eing, = — (Sat To,)' M, (Fa+ F,),  (A6H)

EE
1
MQLR(001) % 5 [k:Ehy, — Tm(601)] +
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Vbl (B0~ Ak, = €5, )7m(00)]

N

where Py, = Ag (A, Ay )" Ay and My, =1— Py, .
PROOF OF COROLLARY 4.4  Similar to the proof of Corollary 4.2.

PROOF OF THEOREM 5.1 LetHg : 61 = 0p1. As in Theorem 4.1, we have

£(001) =y — Yi0o1 — Yabs = y— Y1001 — Yaby — Yo(Bo — 02)

= upg — Yg(ég — 92) = (IT — Dy)uO.

0
Let ¢, = 22 where ¢ = @2, ;. We have

f?
/ (e + Wk )(c + W) g 2'(e + W)
toto N L r ., 20 VI oz
T T EEH T T Y
0 3,
uf Yy _ (€+Wﬁ)’(ZF+W%+Vg) 5
T T 25
So, we have

Oy — 02 B Ag,(k*,0) = (1 — k*) 2y oo

Hence, we get

£(001)"e(bo1) » 0

T Oge = Oge— 2U2€A92 (k*’ 0) + A92 (k*> O)IZYQ A92 (k*7 0)7

Z'(y — Y1001 — Yo
(y 11?1 2 2) £> _ZZYQAez(k*vo)v

0o1) Pze(0
8( 01) Z5( 01) £> O'O — A@g(k*7O)IE/ZY22§122Y2A92(]€*70)7

T g, w
Ho1)' Mze(0 2
€(0o1)' Mze(6o1) B0 o0 >0, k= . iaeo ‘
T (055 Ua,w)

We then observe from (A.69)-(A.73) that X'zy, Ay, (k*,0) = 0 if and only £* = 1.
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(A.70)

(A71)

(A.72)

(A.73)



Suppose that X' zy, Ag, (k*,0) # 0 < k* # 1. Then, we have o2 , # 0 and

/
e(0o1) 1;25(901) B0 2, (A.74)

/
£(0o1) 1;25(901) P 4o (A.75)

8(901)/1326(901) =T
Since the denominator of AR is £(8o1) Mze(001)/(T — k) 2 0%, — o, > 0, we then get
AR(fo1) % +oc. (A.76)

Suppose now thatY'zy, Ag, (k*,0) = 0 < k* = 1. We can write Z'(y — Y1001 — Ygég) as

Z'(y — Y1001 — Yabs) _ Z'(Ir — Dy)e n [Z'(I7 — Dy )WY,
VT VT T
L St g, (A.77)

where 11, = Szw e, Sow = gp)lim (M) = Uk ) = S2v2 2y, Sy, 271 Zaw.
—00
So, we get

e(001) Pze(bor) % (Fa+ g ) S5 T+ pg,)- (A.78)

Moreover, we have

8(901),Mz€(901) £> 0

Tk Ope = Oce. (A.79)
Thus
d _
AR(01) = &jo = — (St py )V I (T + pg, ) (A.80)
O

PROOF OF THEOREM 5.3  The proof of Theorem 5.3 follows from those of Theorem 4.3 and

Theorem 5.1. O]
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